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Radio Relay

Radio relay is a possible alternative to coaxial cable
as a means of providing long-distance television, tele-
phone; or other communication forms. Experiments are
under way in this connection as a part of which a full-
scale radio-relay system is being constructed between
New York and Boston. This system will operate prin-
cipally in the 4000-Mec. range and will use seven inter-
mediate repeater points. If such a system should prove
successful and be capable of being operated at a reason-
able cost, there is a possibility that the future will see
extensive use of radio relay in long-distance intercity
communication. It would be expected that, as in the case
of coaxial, the broad frequency bands provided might

. be utilized for television, telephone, or other types of
communication,

LOOKING AHEAD

Past experience has shown a continued trend toward
-the use of wider and wider frequency bands for com-
munication purposes. Equipment is now under de-
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velopment for use with coaxial cables which will pro-
vide wider bands; for example, a 7-Mc. band capable of
being used in furnishing an effective 4-Mc. television
circuit together with 480 telephone circuits.

For more than a decade the Bell System has con-
ducted research work on a system of transmission in
which super-high-frequency waves are guided through
hollow pipes. The technique for generation, amplifica-
tion, and control of the very-high frequencies used in
the wave-guide system may also be employed when these
frequencies are used for microwave radio. The relative
extent to which guided waves or radio beams in space
will be used in the future cannot accurately be pre-
dicted at this time. Wave guides have the advantage of
avoiding some of the possible sources of interference in
radio, but they do require the construction of the guid-
ing structure over the route used.

Just how any of these future possibilities will develop,
or what other arrangements might be introduced, can
not be foretold with any certainty, but it seems clear
that the frontiers of broad-band frequency transmission
have ample room in which to move forward.

Mutual Impedancé Between Vertical Antennas
of Unequal Heights

C. RUSSELL COXt, ASSOCIATE, LR.E.

Summary—An expression is derived for the resistive and reactive
components of the mutual impedance between vertical antennas of
unequal heights, located above a perfectly conducting ground.
Mutusl-impedance curves for typical combinations of antenna
heights are plotted for spacings between 0.1 and 1.0 wavelength.

I. INTRODUCTION

O THE DESIGNER of power-distribution ap-
Tparatus for directional antenna arrays, the evalu-
ation of mutual impedance between elements of
the array is the first step in a series of calculations

leading eventually to the determination of all system -

parameters. Sufficient data exist in the literature to ac-
commodate the usual problem in which all radiating
elements are equal in height, but for the occasional in-
stance involving radiators of unequal heights no mu-
tual-impedance data are available. 1t is the purpose of
this paper to derive an expression from which may be
calculated the mutual impedance between radiators of
unequal heights, mounted vertically above a perfectly
conducting earth, and thus to fill in a gap which in
some casés hinders the proper design of antenna-phasing
networks.

* Decimal classification: R125.1 X R244. Original manuscript re-
ceived by the Institute, July 22, 1946.
1 Andrew Company, Chicago 19, Iil.

I1. FORMULATION OF INTEGRAL

In Fig. 1, two antennas of heights /; and /; are shown
separated by a distance d. The current at the base of
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Fig. 1—Two antennas of unequal height above a perfectly
conducting earth.

antenna I is Iy, while that at any distance z above
ground is I.. Similarly, the current at the base of
antenna 2 is Ie, while that at any distance z above
ground is I,;. The term E,. represents the vertical com-
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ponent of electric field at a point z on antenna 2 due to
currents in antenna 1, and Vy represents the voltage ap-
pearing at the base of antenna 2 due to antenna I.

By application of the reciprocity theorem to the cur-
rents and voltages in antenna 2, one can write:

B Eooil,
Vzl b f —nidz. (1)
[ Tog

Since the antenna currents are assumed to be sinusoid-
ally distributed, I,; becomes:

_ Joxsin B(ly — 2)

x 2
? sin Bl @
which; inserted in (1), gives
173 E‘ 1 1y —
Va =f Basinflh =) 3)
0 sin Bl,

The mutual impedance, referred to the bases of both
antennas, is

Va f "t E.s sin B(ly — 2)
—_——dz (4)
0

Toy sin ﬂlg
It is convenient to write (4) in terms of exponentials:

f i By [eitti-n — e i#tn]
0

Zy = . .
2jIossin Bl,

dz. (5)

Brown’s' expression for the vertical component of
electric field E.;; may now be introduced.

—j307p1eiwt (e~iBn  g—ifrs e 8o
Egy=—r— { -2 cos ﬁll} . (6)
sin Bl r £ 7o

Inserting (6) into (5) and dropping the time-variant
¢®!, the mutual impedance is found to be the sum of
six integrals.

15 I3 g—if(ri—Ilats)
21 = {f ———dz
sin Bl sin S, o r1

i3 g—iB(rit+ia—s) 2 p—iB(ra—l2+s2)
= f —_—dz +f —dz
[] T 0 T2
i1 g—if(ratia—2)
—f —dz
0 4]

1 g—iBlro-late)
-2 f —————— dz cos i
[

7o
s g—iB(rotiz—s)
+ 2f ~———————— dz cos ﬁl;} . ©)
] ]
I1I. EVALUATION OF INTEGRALS

From the geometry of Fig. 1, the following expres-
sions are apparent:

rn=vVa I —3)? (8
re = +/d*+ (I + 2)? 9
ro = \Vd* I 2%, (10)

! G. H. Brown, “Directional antennas,” Proc. I.R.E., vol. 25,
pp. 81-145; January, 1937,
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On differentiating (8), (9), and (10), one obtains
dz dn

—_— (11)
71 z — l]

dz dry 12)
72 B z 41,

dz dro

s ——T 13)
fo 2

For convenience, let the sum and difference of the
radiator lengths be given by

A=1l—-1
L=l2+lx.

(14)
(15)

By making suitable changes of variable, each in-
tegral will now be reduced to the form

—ju

fule
u u

du=[Ci(u)) —Ci(uo) |+7[Si(u) —Si(ur) | (16)

in which Ci(u) and Si(x) are the cosine and sine in-
tegrals, respectively. Tables of these integral functions
are available for values of the argument ranging from 0
to 100, the best available compilation having been pub-
lished in 1940 under WPA sponsorship.?

In the first integral, let

u=B(r1 — U + 2). 17
Then, from (11),
-1 d;
du = B(dry + dz) = ﬁ(z—‘—+—") I = 22
71 r
and -
du dz
—=— (18)
u Ty

New limits of integration ue and #, are obtained by
letting 2=0 and z=1,, respectively, in (17). -

o = B[Va + LT — 1]
w = B[Vd@ AT+ Al
The first integral in (7) then becomes

it g—iB(ri—lyts) vl =i (utBli~pls)
[ e
[} L u

0 u

(19)

[

ug e—iu
= e”’Af du.  (20)
ug %
In the second integral, let ‘
v = ﬂ(n 4+ - Z). (21)
Differentiating and using (11), one obtains
dy dz
T s (22)
v 181

* “Tables of Sine, Cosine, and Exponential integrals,” Federal .
Works Agency, Work Projects Administration, 1940,
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The new limits of integration are

v = B[Va@F LT+ 1]

(23
v = B[vd*+ AT — A]. )
The second integral in (7) then becomes
’ I3 g—iB(rit+ig—s) v giv
—f —dz = e‘f“f dv.  (24)
0 [#1 vp ¥

The remaining four integrals are transformed in similar
fashion.
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Fig. 2—Resistive and reactive components of mutual impedance
between antennas of heights of 40 and 90 degrees.

Changes of variable are made as follows:

w=B8>r+ 1+ 3)

x=ﬁ(’z—ll—z)

25
y = B(ro + 2) &
s = B(ro — 2).
The limits of integration are
w = B[VEF LT+ h] = v
w = B[VEF LT+ L]
Xo = ﬂ[\/dz -+ IF—‘ ll] = g
= BVEF L - L}
26
yo = 8[d] @0
y1=8[VE T+ L)

so = B[d] = v
s1=B[Va + 1.7 — b).

After undergoing the transformations indicated, (7)
takes the form

15 ul g—iu
91 = ——— {e“’_ f du
sin Bl sin Bz w

vl g—iv ) w1 g iw
i a"""f dy + L f dw
S v v

(] 0 w
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0 . g—iz v =iy
+ e""”‘f dx — 2 cos ﬂllef’“'f dy

o x vo ¥
— 2 cos Bllc‘f‘”’f" e—: ds}. @27
24
20
\
HEA
12 \
\
8]
£ \ g
S 4 \ —
& 7 Xai
x
~ 0 / Ra
x 0.2 04\ 06 / 08 10
-a] |\ / /|
Va4
-8l | N\ /N
\
-2 /i

A

Fig. 3—Resistive and reactive components of mutual impedance
between antennas of heights of 60 and 90 degrees.

The final answer is obtained by inserting the cosine
and sine integrals of (16) into (27).

15
sin Bl sin 8,
+ Ci(v1) — Ci(vo) + 2Ci(y0) — Ci(y1) — Cilsy) ]

Ry = {cos BA[Ci(ur) — Ci(mo)

+ sin BA[Si(u) — Si(uo) + Si(vo)

— Si(v1) — Si(y1) + Si(s1)]
+ cos BL[Ci(wy) — Ci(wo) + Ci(x1) — Ci(uo)
+ 2Ci(y0) — Ci(y1) — Ci(s1)]
+ sin BL[Si(w;) — Si(ve) + Si(u)
— Si(w) — Sily) + Si(sn)1}

15

sin Bl sin B,
+ Si(w) — Siv1) + Si(y1) — 25i(y0) + Sis1)]

(28)

XRl =

{cos BA[Si(us) — Si(uy)



1370

+ sin BA[Ci(x1) — Ci(teo) + Ci(oo)

— Ci(v1) — Ci(y) + Ci(s;)]

+ cos BL[Si(v0) — Si(wi) + Si(us) — Si(x1)
+ Si(y) — 25i(yo) + Si(s1)]

+ sin ﬁL[Ci('w;) — Ci(vo) + Ci(uo)

= Ci(#) — Ci(y) + Ci(s1)]}- (29)

Examination of (28) and (29) reveals that, to obtain
X3 from Ry, it is necessary only to replace Ci(p) by

—Si(p), and Si(g) by Ci(g).
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Fig. 4—Resistive and reactive components of mutual impedance
tween antennas of heights of 75 and 90 degrees.
IV. SpeciaL Cases
It is easily shown that when the radiators are equal
in height, Iy =1I, and (28) and (29) become
15
sin2 gl
+ cos 28[Ci(wr) — 2Ci(vo) + Ci(xy)
= 2Ci(m) + 2Ci(uy)]
+ sin 281[Si(ws) — 2Si(vo)
— Si(xy) + 2Si(ur)])
15
sin? g/
+ cos 281[— Si(wy) + 25i(ve) — Si(#1)
+ 2Si(uo) — 2Si(u)]
+ sin 281[Ci(w,) — 2Ci(vo)
— Ci(1) + 2Ci(un)]}. (31)

Considerable simplification of (28) and (29) results
if one of the antennas (say ;) is a quarter-wave in
height. In this case, the resistive and reactive com-
ponents of z;; become

Rn = {4Ci(u1) - 2C1:(uu) - 2C1(Un)

(30)

X =

{— 4Si(ur) + 2Si(uo) + 2Si(ve)
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Ray = 15{Ci(my) + Ci(vy) — Ci(w1) — Ci(xy)
+ cot I [Si(us) — Si(vr) — 25i(y1)

+ 25i(s1) + Si(wy) — Si(xy)]} (32)
Xon = 15{Si(w)) + Si(x1) — Siwr) — Si(vy)
+ cot BL[Ci(uy) — Ci(vy) = 2Ci(y1)
+ 2Ci(s1) + Ci(wy) — Ci(x)]}. (33)
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Fig. 5—Resistive and reactive components of mutual impedance
between antennas of heights of 120 and 90 degrees.

Figs. 2, 3, 4, and 5 are plots of (32) and (33) for values
of I, corresponding to angular heights of 40, 60, 75,
and 120 degrees, respectively.

V. CONCLUSION

As is the case for previously available data on mutual
impedance with equal heights, the expressions pre-
sented here are only approximate, because sinusoidal
current distributions are assumed in both members.
However, the present calculations are no less accurate,
and should prove useful to the same extent as previously
published information.
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